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REPRESENT A NATURAL NUMBER AS THE SUM OF PALINDROMES 

IN VARIOUS BASES 


YU GAO 


Abstract. It is shown that the set of palindromes is an additive basis for the 
natural numbers in any base. Specifically, we prove that every natural number 
can be expressed as the sum of 0{d) palindromes in base d. 


1. Statement of result 

Let N := {0, 1 , 2 ,.. .} denote the set of natural numbers. For any integer 
d ^ 2, every number n e N has a unique representation of the form 

/-I 



j=0 

where each digit 5j belongs to the digit set 

V := {0,l,2,...,d-l}, 

and the leading digit is nonzero whenever I ^ 2. We use 


n= 5i_i ■■■ 5o 


represents the relation (1.1). The integer n is said to be a palindrome if its digits 
satisfy the symmetry condition 


6j = Si-i-j (0<j</). 


Denoting by Pd the collection of all palindromes in N, we are to show that Pd 
is an additive basis for N and for any d ^ 2. 

Theorem 1.1. Every natural number is the sum of 0{d) palindromes in base dfor 
integer d^ 2. 
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[1] proved the decimal case using a different approach. Our construction 
is simpler and more generalized but it uses more palindromes than [1], 

2. The proof 

2.1. Notation. We denote by the set of integers + d^)\Q < c < d, 0 < 

A: < / —1}. Next we denote by the set of integers ^ x < d!'~^}. In 

other words, N; ^ is the set of natural numbers n that have a d base expansion 
of the form 


5i-i 


dk 

0 


0 


with 7 ^ 0. 

2.2. Inductive passage from to 

Lemma 2.1. Every number n e is the sum of at most 2d numbers given by Algo¬ 
rithm Ifrom Pd,i,k some number n' e N/_i^fc+i/or I ^ k Q. 


Algorithm 1 Inductive passage from Ni^k to 

Require: an integer n e Ni^k- 

Ensure: a multiset Sk and the modified n. 

1: 

Sk^0 


2: 

a: <— (d — l)d^“ 

2 + (d - l)d^ 

3: 

while n ^ d^” 

^ + x do 

4: 

n *— n — X 


5: 

Sk^ Sk^ 

{x} 

6: 

end while 


7: 

t 

1 

T 

^ + (d — l)d^ 

8: 

while n ^ d:~ 

do 

9: 

n *— n — y 


10: 

S'fc <- S'fc u 

[y] 

11: 

end while 


12: 

c <- Sk{n) 


13: 

z <— cd^~* + cd 

k 

14: 

Sk^ Sk'^ {z} 


15: 

n *— n — z 


16: 

return Sk and 

n 


Proof. Since Ni^k ^ {x\d’'~^ ^ x < df, we have 

Lemma 2.2. The first loop in Algorithm 1 executes for at most d — 1 times. 

Proof. If the first loop executes for at least d times, then n ^ d^~^ + dx ^ dK □ 
It's clear that d}~^ < n < d}~^ + x after the first loop. Similarly, we have 

Lemma 2.3. The second loop in Algorithm 1 executes for at most d times. 
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Proof. If the second loop executes tor at least d + 1 times, then ^ + dy ^ 

d}~^ + X. □ 

Thus \Sk\ ^ ‘2d for the returned \Sk\. To complete the proof, it suffices to 
show that the returned n by Algorithm 1 is in A;_i ^+ 1 . 5k{n) = 0 is satisfied by 
the choice of c. By the end condition of the second loop, 

> n ^ d^~^ - y - z 

^ - {{d - l)f-^ + {d- l)d^) - ((d - + (d - l)d^) 

= d^(dd'-^-2 - ((d - l)d'-^-3 + (d - l)d'-^-^ + d + (d - 2))) 

^ d^((d- l)d'-^-2) 

= (d - l)d'-2 

□ 


2.3. Pseudo-Theorem 1. 


Lemma 2.4. If n is a natural number with at most k nonzero d base digits, then n is 
the sum of 2k palindromes in base d. 


Proof Let / be the function as following: 


So 


fix) ■■= \ 


if T = 0; 
if a: = 1; 


d — X-I- 1 if X = 1, 2,..., d — 1. 


( 2 . 1 ) 


k 

= J]/(4) + (d%-/(4)). 

k 

The proof is completed by the observation that f{Sk) and d^d^ — /(d^) are both 
palindromes. □ 


Lemma 2.5. (Pseudo-Theorem l)Every number is the sum of 0(d) pseudo-palindromes 
in base dfor d ^ 2. 


Proof A pseudo-palindrome here is a palindrome with possibly leading zeros. 
For any number n e N; o/ using Algorithm 1 repeatedly, we have a family of sets 
{S'fc|/ — k ^ k + 6}. Sk consists at most (d — 1) numbers in ^(denoted by 

■Sfcj, 0 < d < d), d numbers in P;_fc_ 2 ,fc(denotedby 4,i, 0 4 j 4 d), and 1 number 
in P;_fc_ 3 ,fc(denoted by r^). (We add zeros in case of IS'fcl < 2d.) Notice that Skj 
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only have two nonzero d base digits, namely Si_k -2 arid dk- Considering the 
form of d-base expansions, 

= 
k 

is a pseudo-palindrome; so are ^k,j and • Thus n is the sum of 2d 

pseudo-palindromes and a number m in for I' — I" < 5. By Lemma 2.4, m 
is also a sum of at most 10 palindromes. □ 

2.4. Proof of Theorem 1.1. The only "bug" in Pseudo-Theorem 1 (Lemma 2.5) 
is that the 2 d pseudo-palindromes may have leading zeros when 0 e ^oCi.e. 
when some of 6 i- 2 {so,j), 6 i-s{toj) and 6 i- 4 {rj) are equal to zero). So we must 
reduce a natural number n to some number with 0 ^ S'o in advance. 

Lemma 2.6. Let n e Ni^ofor I ^ 8. Then n is the sum ofO{d) palindromes produced 
by Algorithm 2 and an natural number f{n) of the form {d — + {d— -I- 

{d — l)d'-~^ + mfor d? — 2 d ^ m < d^~^. 


<^Z-2('Soj) 

<^Z-3('Slj) 



do('Soj) 


Algorithm 2 Reduce to a proper initial value. 

Require: an integer n e 
Ensure: a multiset T and f{n). 

1: T - 0 

2: X *— {d— T)d!‘~‘^ -I- (d — 1) 

3: while n ^ d}~^ -I- x do 
4: n <— n — X 

5: T T vj {x} 

6: end while 

7: y <— {d— l)d!'~^ -I- (d — 1) 

8: while d} ^ + y do 

9: n n — y 

10: T^Tu{y} 

11: end while 

12: z <— {d — l)d^“^ -1- (d — 1) 

13: while n'^ d} ^ -t- 2 : do 

14: n *— n — z 

15: T {z} 

16: end while 

17: w {d — l)d^“^ -I- (d — 1) 

18: while n ^ d^ ^ do 
19: n <— n — w 

20: T ^T\j {«;} 

21: end while 

22: return T and n(as f{n)) 
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Proof. As the analysis of Algorithm 1, we can easily show that \T\ = 0{d) and 
— nj ^ n < (]}-^ after Algorithm 2. 

m = n — {d — l)d^~'^ — {d — l)d^~^ — {d — l)d^~'^ 

^ - w 

= -(d-l) 

^ d^ — 2d. 

□ 

We are now ready to give a proof to Theorem 1.1. If n < d® + 1, n is the sum 
of af most 16 palindromes by Lemma 2.4. Otherwise we use Algorithm 1 on 
/(n) produced by Algorithm 2. In Algorithm 1, both the first and the second 
loop executes for [d — 1) times for d ^ 3, when the second loop executes for 
one more time for d = 2. (The inequality d? — 2d ^ m < d}~'^ provides that 
we don't need to care about the trailing digits of x, y and 2 ; in Algorithm 1.) 
In the case of d ^ 3, we modifies S by replacing one of the y produced by 
the second loop of Algorithm 1 with two nonzero palindromes (d — 2)d}~^ + 
(d — 2)d^ and d^“^ + d^. If c = 0, we jusf decrease n by 1(1 is a palindrome) 
before simulating Algorithm 1. Combining the pitches we have 0 ^ 5*0 and the 
pseudo-palindromes become genuine palindromes. 
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